
Solution
to exercise in Tut1 & 2

. Reminder : Here
,
the

computation
result might

TutI
exist some typos , you can send an

"Linear
.

" email to me to point out.

What's more important for you
is to

1
y

-

zty
= +

, ya
= 1

.

fully understand the work flow ,

the idea behindL
Ans :
us

= e-Jozeds - -2 Eachstep !!!
= C

Jeds+

y(0)
= C = 1

.

y(t)
= Get- t

2. y'-ezy = 1 , y()) =
2

Ans : UH) =
eSnds

= e-Inch -
1++

2

3(4)
=

i

Sinds = Jan tax ditan(x) (s = +am(x)

= Jacos"(x) tan'(x)dx

= tanti
-

y(t)
=

Itani
+ C

,

with
yl

then c= 2



3. y = 1 + x+
y
+

xy
= y(0)

= 0.

Ans :

y
-

(1+

x)y = 1+X

u(x)= e

-

Jollts)d)
- xx +E

3Ced
= c + ex

+

-

y(0)
= 0
- C= 0 .

·

You can solve the problem by separable variable method.

y = (1+ x(x+
y)·ydy = (1+x)dx

luc+y)
= x+ + C

y
= c explx+E - 1

.

y(0) = 0 = C= 1

"Separable"
1
y

= H+ + (2 . +3
, y

, x = 1

Ans : VH):= then
v=

#2 dr= Edt .

so tantiviti) = Unit) + C

vit) = tan (lnct + c)
.

y (1)
= VII) . 1 = tanc) = 1 .

Ec
=



2YeEv
+. =

g() . val=

=

d
+, va

-

+ +

Vill = 2 => c =
- 1 .

so vit) = 1-e

YH) = + -

u
-1 .

"Exact"
.

1 (y
. cost) + 2+ed+ + (Sincts + +he + 2) dy = 0

. y
, a=

Ans : hit
,y)

= ((y· cost) +2
+e (d+ + Cy)

= y
. Sinct) + +

2

·e + (y)

hi t ,y)
= /(Sincy++e+ 2)dy + D(t)

=
yShut) + +223 + 2 y +Drt)

.

So a choice
for Cy) . Ditt is

Crys =

zy .
Di+) = 0

:

ySM(t) + +
2

.e
+zy

= E
.



with y() = 1
. we have

1 sinid) + o . e + 2 = z= E .

2. Ctydt + 12 y + +Y dy = 0
, y(l) =2

Ans : hity) = Sztydt + Gy) = ty +Cy)

= Sky ++Ydy+Di+ ) = yz++y
+D()
= &yy

try +y = E . E = 6 .

"Bernoul :
"

y
/

5 y
- 5ty3 ,

y10) = to

Ans : v =

y

v = -

zy
3

-

y=y- 3(5y -5+y3)

=

-or + lot

v'+ lov = lot

u(t) = e

solods
= elot

v
=

e

with
v101 =

you= 100.

C= 100 .

: VH) =[t /Stesds + loo] e-lot

=
15-

·est
+

+ 100] efot

=+ eto
+
+ + 100



2 . y
+

+y
= typ . y , %=2

Ans : v =

y

- 3
. v=

-3y4 .y) =3.y4) -

ty+y4) = 3 t y
3

-

St

= Str-3t .

v- 3 tv =
-

3t
.

uct) =
e-Jo3sds -2

=
e

vit=-beda

= (2-1)
·e

+

z

+ /

v(0) =
2

-

3.
= C = 23 3

"Constant coefficient"

1 . y"+4y = six)

Ans : fundamental solution for y"thy =o is

&CosiX) , Sch12X)3
.

And we may guess a special solution to



y"+4y = Sh(x) is

Ysp
= K . six)

.

y"+ 4y = ( k + 4k)sin() = Sh(x)

: general solution is

A sini2x) + B . cos(2x) + Sih(x)

2. y"+2y+ 4y = eX

Ans : roots of
r=2+ 4 : 0 are

-115
.

fundamental solutions are

e
* cas(Ex)

,
eYsin (5x)

a special solution to y"+ 2y + 4y = eX

is

Ysp
= K . eY

,

then
TK = 1 . k=

general solutio
:

[A . cos15X) + B . sh15x]e** ex



3
. y"

-

zy+ y=

Ans : fundamental solution to y"-zynyo is

Yp = eX
, yzie* X .

W( y, , yz) = y 1. y2 - yj .

yz

= eX
.

By Theorem of Variationof Parameter.

a special solution is

Lix) = -e

.xdx + xeX(,x
=

=e
*
(tInix+1) + XeX tant =xi



Solution to The 2.

"Infinite Sum"

1 f(x = X2 .

-

****

2021/d
an

= 2. /Exc xdx = 2
.

[  Sinisin
- [sizadx]
= [sizanx1]dx

=- cizad)

=

i1"

bn = 2. /Ex Shinx dx = o

so X=+" cas12inx)

1 . X50
.

Cht

2
.

I=

3

.

x

= )2

=



-X/0
2.

fix)
=

So
incXa

Go=
sinxdx=

an= / Sihix).cosinesdx
= t

. J sini in+ )x) - Sinc int)x1)dx .

= [-Hin+ -

+ [1-+5
+

1)

=

10modan even

bu= jsin(x) · Siinx)dx = + (t [abc+)x) - cs((n+1)x)]dx

=

10 n

:

fix=-

X
= 0 = t=

Parseval's Identity

S fixdx=x == 2xav + x. an +bu

-



"Inhomogeneous ODE"

1 X"+ 4x = cslt) + Sict) . X 10) = 1 , x
,

(0) = 1

A fundamental set of
solution is( cosi2t) , Shirts)

.

A special solutize is of
the form.

X (H) = Go + 2ancosint)+ 2 bn· sincat
Sp

X
+

44p
= 490 + 24-n2) an cost)+* 14-nybn

scheats

: a = bi = 5, others are 0

Xsp
=

5 .@b(t)+ sit)

X = A . ci312)+ B . shirt)+ -
bit)+ shit).

with X10= 1
, x101

.

We know
. A = 5 .

B = 5.

2. X"+2x+X = cos(t)
. X 10) = 1 , x(t)= 1

Fundamental solution is Get , e.City
.

A special solution by guess
should be Aspit)

= a . costs+ b - sinit)

X"sp+2Xsp +
Xsp

= 26 @sit)-2asit) = C3Ht)

So XIt) = A . e

+

+ B
.

+
. e-

+

+ E sinct

with <10)= A =1

X(x) = e

= P
+ B

- n -

e

-

= 1 = B=



3
.

x**X = t
.

fundamental solution
is
acost) , sincts]

A special solution by guess is

Xsp
=

t

.

General solution is A cons + B . sinct)+t

4 . x + 4x = t

A cos12t) + B siniut)+

"Heat Equation"

2.
Ut = 3Uxx ,

t50, o[XT

& u (0 , +) = u(x+) = 0

n (X , 0)
= 5 . Sini + 2. Sin15*)OXX*

Aus

:

by uco ,th = unity =o
,

we should choose x = n
?

and Xn(x) = Sihcux)
, Tuct)= e-snt

Uixit)= <+ an ent . Sinix)

n= 1

u(x, 0) = 5
. sin(x)+ 2 · sin15x)

=
UIxit)= 5 . 3 Siw) + 2.

e 15t
· Sch(5x)



In
Ut = 2UXX +70

. 02X

1 Ux(0 ,+) = Ux() , +) =0

h(x , 0) =
x(-x)0(X)

=

Solve X" + XX = 0 with Xi0) = X'Ill =0

SuitableIn and corresponding Xn are

Xn(x) = cos/nt · X)
·

X= (i) ?

-2(n't
So nixit)= do an e · CoInTN)

-

zina't
and u(X , 0

= x (1-X) =not an e cos(nmX)
n = 1

How to

compute
the cosine series of ux . o) ?

Here's a difference
between the example talked in the tutorial,

Ut = 2Uxx +>0 01X11 Ut = 2Uxx +>0 01X11

I I X
u10 ,+) = u (1st)= 0 u10 ,+) = ux) 1 ,+)= 0

u(x, 0) = X(-x)p(X) u(x, 0) = X(-x)p(X)

Example in tutorial 1 Exercic) .

In the note ,
it's written that X(X)

=I Shinix)

So maybe some of you thought
, that

I has contradiction ?

x (1-X) = Go+ ancos

Well , actually the difference is due to the
way

we expand xx* (ocx())
to 2-periodic function (XEIR) .



To obtain xcl-X) =

I SininTX) ,
XtI a sine seriesoh

we must notice several things.

Dan sinix)
is a 2-periodic function

I because Sh(TX) is 2-periodic

So Xc1-X) with Xe[0, 11 is not enough for computing
Fourier seriess

Thus
,

we need to extend it to an interval of length 2.

2 .

g .

fix) = <XX)XoS
or

fix) = [**)X

② Since we hope X(+X)=
an sin(ax)
,

we should require
the extensionf to be odd· such that

If as
inxdx = 0.

Therefore , we extendf to be 2-periodic with its definition on

E-1 , 11 being

f(x) = 9**EZ01

#
And bu = + /_ f(x). Shinx)dx=

And for
this exercise

, we want to
compute

A

X(1-X) = Go + Zan-cosinix) a cosine series

n=1

we
need to extend *11-X) to be a 2-periodic even function



f(x)
=XX&

And an =(_ fixdx = 1: xx-x)dx = to

an=

+(1
,
f(x) - cosinx)dx = 2 . Jo xx -x) cos in+x)dx

= 2 . Jox · cosmax) - X(s(nax)dy

= 2 .

[fx
- Shinex)10- Soshinaxdx) -

In***. Shinaxlo- So 2x -Shinax)dx)]

=2[t"]- Sox. Sinaxdx]

=>Hax)Xo

=H4H

u(x , 0) = x (1 -X) =+
+even2

cos(nix)

and nixit) = t+
- cos12nix)

· e-2(ht



3. He = ux +yo
,
<XT

I (lo,t)= Ux (n,+)=0

u(X , 0)= 5.SiizX)0 < X < X .

=

uot) = Ux(Tt) =0 =

>
solve eigenproblem . X**XX=0 with

X(0)= 0 ,
X(x) = 0

suitable eigenvalues and egenfunctions are

#n(x) = sin((t +n)x)

↑
xn

=(t +h) z

UsXt) = Go + Ian · Shilth(x) e-Ethit

n(x,0=
5. six)

=> Mix+) = 5
. SiEX - -Est

4
. Ut = auxx + > 0

,
0x5.

I
Uo ,t) = T: UITYt)= T2

u(x, d) = f(x) 0 <X.

First , we definea trival solution unxit)= axtb ·

then (He =0 = (1)xx
:a

and
up10 ,+)= b =T,

U I (Tht) = am + Ti = T2
,

Unxit)= Ex + T ,
we

suppose
solution uxits is of the

form. U(Xit)= U
,
IX t) + ao + [Gn ·Xn(X) · Tac t i

-U2(xit)



and we just need
to find Unixit) S.

t

.

(42)+= a? (2) xx

I U2 (0 ,+)= UzInit)= 0

1
U2(X , 0) = U(X ,0)- U(X0)= fix) - Ex-

"Wave Equation"

1.

E
Utt = 2UXX

(10 ,+) = Unit) = 0

Iu(X , 0) = X0Xπ

Yix
,0 = 00<Xπ

L=X
. f(x)= X . g(X) =

0 .
So we only need to compute

XC sin in

Since Ch - Sminx) is In-periodic , we need to extend x (x+ 10,iv)

to a 2x-periodic odd
function of

.

f(x) =
X , for

xt1 -E
, i)

C=
Xshidxx

=

-[x . Ecosine)* + Socsinxdx]

= ((n
+

: uxit)
=

cos( n.+)Sh(nx)



2. Ute : Uxx

(10,t) = (Int) = 0

Iu(X, 0) = Sin(x) XE(0
,

Ut(X, 0)= Sin(x) XE (0,)

UIX ,t) = Sinix) . (bit) + Sih(x)
· sinct)

3. Utt = 0 t >0
. 04Xπ

I
(10 ,+)= u(it) =0

u(X, 0) = sim2x) <X

Ue(X , 0) = sinx0<X (T

we still
suppose

U+)= [Thit) ·Xn(x)
.

+ const.

with each Thit) · Xn(x) Satisfying (Tuct) .Xn(x)
++

=0
·

So Tac t )= An : t + Dn
.

UN , t) = [ (ant +bu) Xn(x) + const.

(10 ,t) =UlH = 0.- Xn10) = XnIT) =0
,
const = 0.

u(X , 0) = Sini2x)
=> Zbn

· Xn(x) = sin(2x)

Ut(X , 0)
= Sinix) = Ian · Xn(x) = Sin(X)

: Xnix) = Sihinx) .

b2 = 1 .
a
=

u(x,t) = t . Sin(x)+· Sin12X)



4 let = anuxx-ku
+ +>0

, 0X11

(10 ,
+)= u(l,+) = 0

& u(xd = f(x) 0 <X
o < K < zia

Ut(o) = 0 ,
0 <X

Still , we
suppose

UIX,+) = Go + = an XnIx) · Tui t
.

This time. Th itXx) = a
? X "(x) · Tt)

- k .

X(x) ·Tui t i

- = - Xu (xnz0)

(10 ,+) = Usi+) = 0
=> Xn(0) = Xn(l) =0 => Xn(x) = sin(n+ X) .

Xn = (nx)2

forTh ,
we have Thtk ·Tr + Intal" In = 0·

According to Tut note I's related conclusion to ax"+bx+X
=

since K
-

4 Intal = k
=

-Kunal <o faz

by assumption o < K< 29

Then
suppose

roots to ri+ K . r+ Inzal =o are

- Iz
.

Bn .

we
have

fundamental solutions of
in +k .Tnt innal" Th=o

-kt

are e. cosignt) ,

et ,

scient



And nix , e) = zan
- et.casiBnt)-Siinix)

+ zbn · e**,
shipnt)sminx)

with U(x , 0) =
Ian sinix)

= fix --- &

u
*.0) = Ian. (-k .et

·

cost-pr
· etsinuts) /to Sicmaxs

+2bn) -1. . Shipnt) + Bu
: et ·cos(But))/tio So in mx)

= z(brgn-Kan) Shinux) = 0.
-

By forier expansion ,

we can firstly obtain an by
a

then bu by ②


